In answer to a question of Kac, we show that if a is a real root for the quivsr Q, then there is a unique indecomposable of dimension vector a defined over the rational numbers.
Lemma 1. Let R be a representation of Q over a field K ; then R®KL\K = R" as representations of Q over K, where [L : K] = n. Proof. A basis for L over K gives a decomposition of R <b>k L\ k • Lemma 2. Let R be an indecomposable representation of Q over a field K ; then any summand of R®k L as a representation over L has dimension vector some rational multiple of the dimension vector of R over K. Proof. Let R' be a summand of R®K L; then dimLR' = j¡dimK(R'\ k) = ±dimKRm by Lemma 1. Here, n = [L : K].
Lemma 3. Let R and S be indecomposable representations of the quiver Q over afield K of dimension vectors ma and m'a respectively where a is a real root.
Then R^S.
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Lemma 4. Let K d Q be some finite Galois extension of Q over which there is an indecomposable representation of dimension vector a, R. Then any summand of R\ q has dimension vector over Q a multiple of a. Proof. Let T be an indecomposable summand of jR|q and dimQT = ß ; then T ®q K is a summand of R\q <8>q K, which is isomorphic to R ®k {K <8>q K) = ®aeG R", where G is the Galois group of K over Q and R" is the indecomposable representation over K obtained from R by the automorphism of scalars a: K -► K. Since dimKRa = a, Lemma 2 implies that a is a rational multiple of ß, and since h.c.fv{a(v)} = 1 for a real root a, ß = sa for some integer s.
Lemma 5. Let R be a representation of a quiver Q over a field K ; then End(i? ®K L) S End(Ä) ®K L. Proof. This is standard. The endomorphism ring over K is the vector subspace of End/f(iv), the endomorphism of J? as a vector space that commutes with certain operators: the dimension of this is independent of the field we work over, so the result follows.
In Lemma 4, we constructed an indecomposable representation T of dimension vectors 5a over Q. Let End(T)/rad(End(T)) = D be a division algebra with centre C D Q. However, there is only one indecomposable representation of dimension vector a multiple of a, and it has dimension vector a, so n = m = 1, which implies Lemma 7.
Theorem 8. Let a be a real root for the quiver Q ; then there is a unique indecomposable representation of dimension vector a over the ground field Q. There are no other indecomposable representations of dimension vector a multiple of a. Proof. The preceding lemmas show that the representation T constructed just before Lemma 6 is the representation we want. Lemma 3 shows that it is unique.
The same argument works over finite fields to show that there is an indecomposable representation of dimension vector a over Fp , the field of p elements for p a prime. Lemma 7 is no longer required.
Finally, the following theorem is true with the same proof: we leave it to the reader.
Theorem 9. Let (Q, R) be a quiver with relations over the field K. Let K D K be the separable closure, and let a be a dimension vector for Q such that h. c. fv{a(v)} = 1 and there is a unique indecomposable representation over K of dimension vector a multiple of a and this indecomposable representation has dimension vector a over K.
Then there is a unique indecomposable representation over K of dimension vector a multiple of a and this indecomposable representation has dimension vector a over K.
